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An interactive boundary-layer method has been implemented within a Cartesian-meshbased Euler solver, Cart3D. Although Euler-boundary layer solvers have not been in common use since the 1990s, they have a significant speed advantage over Navier-Stokes codes,
particularly when the inviscid solver uses a Cartesian grid with automated meshing capabilities. Another advantage of Euler-boundary layer solvers is the capability to predict detailed
boundary-layer properties such as those required for transition prediction. Due to the needs
of design and optimization, robustness and speed are major concerns. It has been found that
considerable care and attention to the mathematics of coupled equations is necessary in order to achieve fast and robust interactive viscous-inviscid solutions with a Cartesian-meshbased inviscid solver. Three coupling methods, direct, semi-inverse, and quasi-simultaneous
have been evaluated. Each is described, and both advantages and disadvantages are discussed. The quasi-simultaneous coupling method is chosen as the overall best algorithm for
the present implementation and a version is described that is valid from subsonic to supersonic flow regimes.

I. Background
Cartesian-mesh-based Euler solvers have advanced tremendously over the past decade1–3 and provide significant advantages over body-fitted structured and even unstructured mesh solvers. The ability to automatically generate quality meshes on arbitrarily complex geometries is perhaps the most important advantage to the aircraft designer. Removing the often tedious grid generation process from the workflow not only dramatically increases efficiency and productivity, but, crucially, allows for the successful application of Cartesian Euler solvers in a multidisciplinary design optimization environment.4–6 Cartesian Euler solvers have even been applied in the design of natural laminar flow wings.7 Figure 1 shows a Cartesian mesh used for
aerodynamic shape optimization of the supersonic business jet
discussed by Rodriguez.6 In this example, however, the viscousinviscid interaction is very weak, allowing the Euler and
boundary-layer calculations to be performed separately and sequentially. This is possible because of the tolerant qualities of supersonic flows over slender bodies together with very thin boundary layers at high Reynolds number.
For many subsonic solutions and practically all transonic
flows, Reynolds number effects can be very significant which
means that tight viscous-inviscid coupling is necessary to get the
correct answer. Cartesian-mesh-based methods have not yet advanced to the point where accurate Navier-Stokes solutions can be
obtained because of the unwieldy size of the meshes that would be
required. However, in past decades when computer hardware was Figure 1. Example Cartesian mesh on a full sustill severely limiting, Euler and full-potential methods were often
personic business jet configuration.
coupled with interactive boundary layer solvers to provide viscous
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simulations at a fraction of the cost of Navier-Stokes solutions.8-11 Applying a similar methodology to Cartesian
Euler solvers produces a relatively accurate viscous simulation method without sacrificing any of the tremendous
advantages of the original inviscid solver.
A preliminary implementation of an interactive-boundary-layer (IBL) method within the Cartesian Euler solver,
Cart3D, has already been completed.12 While the method was able to produce some results that matched NavierStokes solutions relatively well, in practice the implementation was found to lack robustness and repeatability. Obtaining accurate solutions also often required a great deal of tuning of smoothing parameters. These deficiencies
forced the implementation to remain a research code and never enter the industry as a productive enhancement to the
already widely used Cart3D Euler solver.
In 2007, Desktop Aeronautics initiated the task of improving upon the IBL method implemented by NASA
Ames Research Center. A thorough investigation of other IBL implementations was completed and the more promising methodologies were tested in Cart3D. The final result was a much more robust, accurate, and efficient Cart3DIBL solver that did not suffer most of the deficiencies of the original implementation. The boundary-layer solvers
themselves are more accurate and some even provide a rapid transition prediction capability.34 This paper discusses
the viscous-inviscid coupling algorithm chosen for the code. Other novel and innovative algorithms used in Cart3DIBL are discussed in separate papers.34–36

II. Methodology
This section describes the basic interactive-boundary-layer problem as it is understood in the literature and
summarized by Lock and Williams.13 We will discuss in more detail our particular implementation of the quasisimultaneous method.
All of the coupling methods use, at their core, Lighthill’s transpiration analogy.14 It is a statement of equivalence
between the portion of the real viscous flow external to the boundary layer and an inviscid flow with surface transpiration substituting for the displacement effects of the boundary layer. Using the continuity equation and relating the
viscous and the “equivalent” inviscid flows results, in two dimensions, with the following relation for transpiration
velocity, vn:

vn =

1 ∂
(ρe ue δ ∗ )
ρe ∂x

(1)

where ρe, ue, and δ* are boundary-layer edge density, velocity, and displacement thickness respectively. There is an
implicit assumption that the boundary layer is thin enough such that the flow quantities in the “equivalent” inviscid
flow are relatively constant over the thickness of the boundary layer. This allows surface values of the inviscid flow
to be used in place of edge values, greatly simplifying implementations of the method. (Note that the curvature correction introduced later does modify this assumption slightly.)
A. Interactive Coupling Algorithms
In the process of improving the robustness and speed of Cart3D-IBL, we implemented and investigated several
interactive boundary-layer coupling techniques including the direct, semi-inverse, diagonal quasi-simultaneous, and
quasi-simultaneous methods. The quasi-simultaneous method was implemented using Gauss-Seidel relaxation as
well as a global Newton-Raphson method. Descriptions of these methods are given in this section along with their
advantages and disadvantages.
Direct Method
The simplest and most intuitive interaction scheme is the so-called direct method. It is given that name because
both the inviscid and boundary-layer solvers are executed in the usual manner called the direct mode, as opposed to
the inverse mode. A flowchart of the process is illustrated in Figure 2. The inviscid solver computes the surface velocity, u, for a given airfoil or wing geometry. The boundary-layer solver then uses that velocity distribution to compute the displacement thickness, δ*, along with other boundary-layer parameters. Then the displacement thickness is
used to compute either a new airfoil shape, or, more commonly, a wall transpiration flow rate that results in the correct displacement of the inviscid flow. The method proceeds by iteration between the inviscid and boundary-layer
codes. It is the simplest of the various interactive boundary-layer methods to implement because it uses standard
viscous and inviscid solvers, and the only customization that may be required is the implementation of a transpiration boundary condition in the inviscid solver if it does not have one already.
However, the direct method has some serious limitations. In flows with strong interaction between the viscous
and inviscid portions (such as those shown in Figure 3), considerable under-relaxation is required for convergence.
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We have found that the under-relaxation has to be increased as the computational mesh size is increased to the point
that the method is impractical for subsonic and transonic cases with volume mesh densities typically in use today.
Even worse than being slow, the direct method will not converge at all if the flow has any amount of separation due
to the well-known Goldstein singularity.13 For purely supersonic flows on
slender bodies, however, the direct method works quite well.
Direct
In subsonic and transonic flows over wings, the regions around norInviscid
mal shocks and near the trailing edge are the most difficult to compute
with viscous-inviscid iteration. Strong adverse pressure gradients pose
!*
U
significant difficulties because of issues related to boundary-layer separation. For instance, the inviscid pressure distributions near the trailing edge
Direct
of most airfoils contain sufficient pressure rise to cause separation in the
Viscous
boundary-layer solution. This occurs even if the end result, a fullyconverged viscous solution, does not have any separation. In early iteraFigure 2. Direct method.
tions while using the direct method, these regions of separation generally
cause the iterations to diverge or at least not converge to the correct answer. This is due to the fact
that the direct-mode solution of the boundarylayer equations are singular at separation. It is
inviscid flow
M>1
possible to introduce specialized treatments to
STRONG INTERACTION
temporarily avoid separation in the early iteraviscous flow
tions in hope that the solution proceeds towards a
converged result with no separation. This problem is greatly amplified at trailing edges by the
Kutta condition since the entire inviscid solution
is very sensitive to the flow around the trailing
edge. Any ad hoc adjustments to the iterative Figure 3. Areas of closely-coupled viscous-inviscid interaction on
process in the vicinity of the trailing edge is
wings (image courtesy of Prof. Arthur Veldman).
likely to only work for certain classes of wings
and flow conditions under which it is tuned.
Supersonic flows, on the other hand, may not have the same Kutta condition sensitivity, nor the strong adverse
gradients at the trailing edge in inviscid solutions. For example, the low-sweep configuration in Figure 1 does lend
itself to successful and efficient direct-mode coupling. Nevertheless, the direct method is completely unsuitable for a
general-purpose IBL solver.
Semi-Inverse Method
Another viscous-inviscid coupling technique is the semi-inverse
Direct
method of Carter.25 This method has been extensively used by Cebeci and
Inviscid
his colleagues at the former Douglas Aircraft Company with inviscid
!*
U
panel methods and even Euler codes.11 The rationale for the method is that
!* Update
since the direct-mode boundary-layer equations become singular at sepaFormula
ration points and the inverse-mode equations do not, then using an inverse
boundary-layer code in the viscous-inviscid system would circumvent the
!*
U
Inverse
problems with the direct method.
Viscous
Figure 4 is a diagram illustrating the semi-inverse method. A standard
direct-mode inviscid solver can be used, but it is now coupled with an
Figure 4. Semi-inverse method.
inverse boundary-layer solver. The inverse boundary-layer solver swaps
inputs and outputs compared to a usual direct boundary-layer solver. For
example, a two-dimensional inverse code takes displacement thickness, δ*, as its input and outputs the velocity, u, at
the outer edge of the boundary layer, along with other boundary-layer parameters.
Since both viscous and inviscid solvers now share essentially the same inputs and outputs, some mechanism has
to be introduced to adjust the displacement thickness until the different velocities output from the boundary-layer
and inviscid solvers converge to a single velocity distribution. To reach a converged solution, the system must be
iterated until the velocities are equal to some tolerance. We adopted the update formula proposed by Carter:
� n
�
uev
δ ∗(n+1) = δ ∗n + ωδ ∗n
−
1
(2)
unei
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The formula states that the update to the displacement thickness is based on the ratio of the edge velocities
computed by the viscous and inviscid codes. There is also a relaxation constant, ω, that can be used for over- or
under-relaxation, but we have found that for the general case, and especially on fine computational meshes, the update must be under-relaxed (ω < 1). The semi-inverse method seems more robust than the direct method, but its rate
of convergence is not particularly impressive. Moreover, the necessary under-relaxation depends on the size of the
computational mesh. Due to the nature of Cartesian-mesh-based flow solvers, relatively fine meshes are required at
leading and trailing edges of wings, therefore the semi-inverse method is not ideally suited for Cart3D-IBL. There is
an alternate update formula due to Le Balleur, which is said to have been derived in a more rigorous manner than
Carter’s, but is otherwise similar.41 We did not investigate it.
Fully-Simultaneous Method
The ideal coupling scheme, called the fully-simultaneous method
(Figure 5), involves adding the boundary-layer equations to the inviscid
Inviscid
flow equations and solving them all together as one large set of equations.
+
This method has been used with great success by Drela26 in two dimenViscous
sions. In his well-known MSES and ISES Euler-IBL codes, the Euler
equations and the boundary-layer equations are all solved using a global
Newton method. In three-dimensions, the global Newton method would
be impractical, however other iterative schemes could be used to solve the
Figure 5. Fully-simultaneous method.
system of equations. The real difficulty for the Cart3D-IBL approach is
that the existing explicit flow solver is not compatible with the fullysimultaneous method and would most likely need to be completely rewritten.
And three dimensions bring on more difficulties. For instance, the elliptic solver36 used to spread the boundarylayer parameters from the individual strips to the entire geometry would need to also be simultaneously solved with
the Euler and boundary-layer equations. Consequently, the fully-simultaneous method was deemed too invasive and
complex, and thus the method was not considered for this project.
Quasi-Simultaneous Method
The next-best technique is due to Veldman27 and is known as the
quasi-simultaneous method. It involves a fully-simultaneous solution of
Direct
the boundary-layer equations with an approximation of the inviscid flow
Inviscid
followed by what amounts to a direct-method style coupling between that
system and the true inviscid solver (as depicted in Figure 6). Veldman
!*
U
generally uses incompressible thin-airfoil integrals as the approximation
to the inviscid flow and calls it the interaction law.
Approximate Inviscid
A simple method originally proposed by Veldman involves using the
+
thin-airfoil theory formula for thickness as the approximate inviscid
Viscous
solver. This is an appropriate approach for two interrelated reasons. First
is that this approximate solver, or interaction law, only models the change Figure 6. Quasi-simultaneous method.
in boundary-layer thickness from one iteration of the method to the next.
The thickness that is modeled is therefore thin even for thick airfoils and wings. The second reason is that the interaction law is only a stability and convergence acceleration trick, and does not affect the accuracy of the converged
solution (as is shown below).
The thin-airfoil thickness effects are classically written as follows (see, for instance, Kroo42),
�
�
�
1 T E dy dζ
u(x) = u∞ 1 +
π LE dx x − ζ
where dy/dx is the airfoil surface slope which is a function of ζ. For use in the quasi-simultaneous method, this formula is slightly modified because the small velocity perturbation due to thickness is taken on top of a non-uniform
inviscid solution rather than a uniform free-stream. Using the incompressible form of Lighthill’s transpiration analogy (Equation 1) to set the source strength distribution results in the following form of the equation:
ue (x) = uei (x) +

1
π

�

TE
LE

d(uei δ ∗ ) dζ
dx x − ζ

(3)

The subscript i denotes the velocity computed by the inviscid solver with no transpiration and the velocity without
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the subscript is the predicted velocity in the presence of a boundary layer having the displacement thickness δ*. The
integration is from leading to trailing edge and the upper and lower airfoil surfaces are treated separately in this case.
Due to singularities in the denominator, this integral must be discretized carefully. In our implementation we used
the method from Veldman and Coenen17 and have found it to perform satisfactorily (and better than Veldman’s
original midpoint-rule discretization).
During the outer quasi-simultaneous iterations, the interaction law is only used for incremental changes from
the previous iteration. Veldman calls this the “defect formulation” and writes it like so:
+ I(δ ∗n ) − I(δ ∗(n−1) )
une = u(n−1)
ei

where the I(δ*) is the thin-airfoil integral from before and n denotes the current viscous-inviscid iteration. In this
way, the interaction law does not contribute to the converged solution, but only helps speed up convergence. This
lessens concerns about the approximate nature of the interaction law.
The quasi-simultaneous approach, as proposed by Veldman, appears to have some parallels to a fullysimultaneous Newton-Raphson solution of the boundary-layer and inviscid equations. A simple analogy can be constructed by denoting the direct-mode Euler equations as ue = E(δ*) and the inverse boundary-layer equations as
ue = B(δ*). The velocity, ue, is eliminated and the two equations can be solved for δ* by Newton’s method. A Newton iteration can be written like this:
�
�
1
∗(n−1)
∗(n−1)
δ ∗n = δ ∗(n−1) + ∂E
B(δ
)
−
E(δ
)
∂B
∂δ ∗ − ∂δ ∗
Applying the quasi-simultaneous approach involves solving the same boundary-layer equation, ue = B(δ*),
together with the “defect formulation” update formula with the Euler equations substituted in place of uei:
∗(n−1)
un
) + I(δ ∗n ) − I(δ ∗(n−1) )
e = E(δ

Again, velocity is eliminated and the two equations are solved for the unknown displacement thickness via
Newton’s method. If only one Newton iteration is performed per viscous-inviscid iteration, the update formula for
δ* can be written like so:
�
�
1
∗(n−1)
∗(n−1)
∗(n−1)
∗(n−1)
δ ∗n = δ ∗(n−1) + ∂I
B(δ
)
−
E(δ
)
−
I(δ
)
+
I(δ
)
∂B
∂δ ∗ − ∂δ ∗
The interaction laws cancel in the numerator resulting in a very similar formula to the fully simultaneous solution
except with the derivative of the interaction law in place of the derivative of the Euler equations.
Therefore one interpretation of the quasi-simultaneous method is that it is an approximate fully-simultaneous
solution scheme where the gradients of the complete inviscid flow equations are approximated by gradients of the
much simpler interaction law.
Another nice feature is that in the implementation of the quasi-simultaneous method a global Newton method
can be used, but it is not required. Gauss-Seidel sweeps can be performed as described by Veldman.27 This is very
convenient since boundary-layer solvers typically work by space marching, or downwind sweeps, and consequently
only require minimal changes to be solved together with the interaction law by Gauss-Seidel sweeps. Another approach is to use the semi-inverse method together with the interaction law as the inner iteration of a quasisimultaneous method. This can be thought of as an improvement to Carter’s semi-inverse update formula and is the
favored approach taken by Cebeci in his later work.22
We compared the Gauss-Seidel and global Newton methods with the strip-theory integral boundary-layer
method. Since integral boundary-layer methods typically involve only two or three equations, the Jacobian in the
Newton solver is not too large and we found it to be much faster than Gauss-Seidel sweeps. For the sweep/taper
boundary-layer code, only the Gauss-Seidel method has been implemented due to the rapidly growing size of the
global Newton system due to the number of equations necessary for the finite-difference boundary-layer solution.
Interaction Laws for Wings
In some of Veldman’s work, he uses a more complete interaction law.24 In addition to the thin-airfoil thickness
integral above, he implements the thin-airfoil camber integral as well. This takes into account the effect of the
boundary-layer displacement on the Kutta condition. Due to the sensitivity of the entire solution to the flow at the
trailing edge, incorporating the Kutta condition in the interaction law seems to be an important objective. Since these
thin airfoil integrals are difficult to discretize and have undesirable singularities at their extremities, we decided to
forgo the more complicated camber equation and instead use a two-dimensional surface panel method.
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Our interaction law for subsonic flow around an airfoil consists of a two-dimensional surface panel code using a
linearly varying vortex distribution and sources of constant strength as singularity elements. The sources induce
transpiration flow perpendicular to the airfoil surface, thus modeling the effect of a boundary layer on the flow.
Moreover, specific efficient schemes are used to model both sharp and blunt trailing edges. Our method has some
similarities to Drela’s XFOIL implementation.15,16
Writing the discretized panel code as a matrix equation relating the source strength array, σ, and vorticity distributions, γ, the tangential velocity can be expressed as:

ue = Āσ σ + Āγ γ
where the As are the aerodynamic influence coefficient matrices. The boundary condition to enforce is that the
panel-normal flow just inside each panel,

vn� = Aσ σ + Aγ γ
exactly cancels the free-stream component normal to the panel:

vn� − U∞ sin(θ − α) = 0
where θ is the panel incidence and α is the angle of attack. These three equations can be used to derive the following
relation between the tangential velocity and the source strength:
−1
ue = Āγ A−1
γ sin(θ − α) + Āσ σ − Āγ Aγ Aσ σ

where the first term is nothing but the standard inviscid solution without transpiration, uei. Since the sources provide
the only discontinuity in velocity across each panel, that means that the transpiration velocity is equal to the source
strength. These two observations allow a re-writing of the above equation in this form:

ue = uei + Bvn

(4)

This equation is in the same form as the thin-airfoil thickness equation except that the thin-airfoil integral is replaced
by the matrix B which is computed once, using panel-code influence coefficients, and only depends on geometry.
The other difference is that this equation now describes both upper and lower airfoil surfaces simultaneously, therefore taking into account boundary-layer displacement effects on the Kutta condition. It forms the basis for a 2D
panel code interaction law (and can be used in 3D using strip theory and/or simple-sweep theory).
When coupling with a two-dimensional momentum-integral boundary-layer method, it is advantageous, as suggested by Drela,15 to define a new variable m = ρeueδ* which can be used to rewrite Equation 4 as (absorbing the
finite-difference operator that relates vn and m, via Equation 1, into the matrix operator D):

ue = uei + Dm

(5)

The interaction law written in “defect” notation is as follows:

une = u(n−1)
+ D(mn − m(n−1) )
ei
Since this interaction law only depends on m, it can easily be substituted into the boundary-layer equations to
remove the boundary-layer edge velocity, ue, and reduce the total number of equations and therefore the size of the
Jacobian when solving via Newton’s method. Note that this is only exact in the incompressible case, otherwise density still appears in the matrix, D, and we use the value from the previous iteration to approximate it.
A compressibility correction is added to the subsonic interaction law following the transonic small disturbance
corrections described by Spreiter and Alksne.33 It basically amounts to increasing the magnitude of each row of the
influence coefficient matrix, D, according to the local Mach number by dividing by the square root of 1-M2. This
appears outwardly similar to the linear Prandtl-Glauert rule, but it is not the same. The Mach number is obtained
directly from the Euler solution instead of using free-stream conditions. This brings in the correct nonlinear behavior
and results in a more accurate compressibility correction than the Prandtl-Glauert rule. Figure 7 shows the result of a
numerical experiment conducted by computing the flow on two thin biconvex-like airfoils using Cart3D and its
adjoint-based mesh refinement mechanism. The airfoils are identical except that one has a small bump on the upper
surface and the perturbation in velocity due to the bump is plotted in the figure. The perturbation computed by
Cart3D is compared to values computed from the Mach 0.2 solution using Prandtl-Glauert and Kármán-Tsien corrections for subsonic flows, and Ackeret linear theory for supersonic flows. Also plotted is the present method which
6
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Figure 7: Perturbations in surface velocity at four locations due to a 2D bump as a function of free-stream Mach number. The four locations are: top-left, just forward of the bump; top-right, on the forward surface of the bump, bottomleft, centered over the bump; bottom-right, on the aft surface of the bump. Cart3D results are compared to compressibility corrections based on Pradtl-Gauert-Ackeret, Kármán-Tsien and transonic small disturbance theories. The + symbols
denote when local Mach numbers of 0.98, 1.00 and 1.02 occur at that location of the unperturbed airfoil.

is analogous to transonic small disturbance theory. Although the present compressibility correction is not perfect, it
does track the Cart3D values reasonably well except when the local flow is very close to sonic. We therefore linearly
interpolate the compressibility correction between the supersonic and subsonic values when very close to sonic conditions.
The interaction law with compressibility correction, including supersonic effects, can be written by substituting
the influence matrix B (in Equation 4), computed using the 2D incompressible panel code, with Bc as follows (in
Einstein summation notation):
1
−δjk
Bcjk = (1 − ω) �
Bjk + ω �
1 − Mj2
Mj2 − 1

where δ is the Kronecker delta function and ω is a blending weight that is zero when Mj is less than 0.97, unity when
Mj is greater than 1.03 and varies linearly in between. (The value of Mj also is capped at 0.97 or 1.03 in the denominators, as appropriate, to avoid division by zero or imaginary numbers.)
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It should be noted that when converting from the Bc matrix above, to a compressible D matrix (in Equation 5)
to use the interaction law with the mass defect variable, m, the supersonic portion should be discretized, contrary to
intuition, using forward differences for stability. We use three-point second-order accurate formulas to handle uneven point spacing.
This interaction law is then valid for all flight regimes. However still being based on linear theories, it cannot
predict the movements of shock waves between iterations and will always produce erroneous velocity perturbation
estimates near shocks. Since, as has been mentioned, the accuracy of the interaction law does not affect the accuracy
of the solver, this is only a stability and efficiency issue. Veldman28,40 reports successful transonic solutions with
only the incompressible interaction law, indicating that the method is somewhat tolerant to errors near shocks. We
have found that for cases with strong shocks on fine volume meshes, some under-relaxation is necessary for satisfactory convergence, particularly in two dimensions. Under-relaxation is applied by multiplying rows of the interaction
law influence matrix by some value greater than unity. We have used multiplier values on the order of five where the
local flow is between Mach 0.95 and 1.05, tapering to unity by Mach 0.85 and 1.1 on the subsonic and supersonic
ends of the under-relaxation region, respectively. Note that by increasing the magnitude of the influence matrix, the
quasi-simultaneous method behaves as if the inviscid solver is very sensitive to changes in boundary-layer displacement thickness and therefore finds solutions that result in smaller perturbations to the inviscid flow between
viscous-inviscid iterations.
One last adjustment to the interaction law for wings involves a
curvature correction. Typical boundary-layer implementations assume
that pressure variations are negligible normal to the surface within the
thickness of the boundary layer. Most of the time that assumption is
close enough. But as it happens, the trailing edge always poses difficulties with viscous-inviscid codes and it is partially caused by the violation of the basic boundary layer assumptions. The boundary layer is
viscous
inviscid
flow
flow
often quite thick at a wing trailing edge and at the same time there is
quite a bit of streamline curvature in that region. The assumption in
boundary-layer codes that flow quantity gradients normal to the surface
are much more rapid than in the streamwise direction begins to fall
∆p
apart at the trailing edge necessitating the so-called curvature correcFigure 8. Sketch of pressure distribution in
tion.
The curvature correction aims to adjust for the flow quantities at the wall-normal direction for viscous and
inviscid flows over a curved surface. The
the boundary-layer edge since they differ from those computed by the
“curvature correction” is derived from the
inviscid solver on the surface. Pressure inside the boundary layer is
difference between the pressures.
typically approximated as constant in the wall-normal direction.
Whereas this is a good approximation for a viscous boundary layer, it is
less accurate for the inviscid flow even within a distance from the wall equal to the boundary-layer thickness (see
Figure 8).
The disparity between the surface pressures computed using the viscous and inviscid solvers can be approximated by integrating, from the wall to the boundary-layer edge, the difference of the wall-normal momentum equations for both flows. Approximating density and streamwise velocity in the inviscid flow as constant, the following
relation is obtained:

∆p = ρe u2e κ(θ + δ ∗ )
where Δp is the pressure correction, κ is the curvature of the inviscid-flow streamlines (or, equivalently, the curvature of the displacement surface), and θ and δ* are the momentum and displacement thicknesses of the viscous flow.
This can be further converted to a velocity correction using the linearized streamwise momentum equation. Further
details can be found in Veldman and Somers24 and in Lock and Williams.13
Including compressibility and curvature corrections, the full interaction law for lifting surfaces, in “defect” notation becomes:
�
�
�
�
�
�
1 ∂vn (n−1)
n
(n−1)
n
(n−1)
(n−1)
(n−1)
∗(n−1)
u e = u ei
+ Bc vn − vn
+ u ei
θ
+δ
κw + (n−1)
(6)
∂s
u ei
where ue is the predicted streamwise external velocity, uei is the wall velocity from the inviscid solution (the “uncorrected” edge velocity), vn is the transpiration velocity, κw is the streamwise curvature of the geometry, and the derivative of the transpiration velocity takes into account additional curvature of the inviscid streamlines due to displacement. Note that, as written, the curvature correction is lagged by using values from the previous viscous8
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inviscid iteration. This avoids adding another equation to the system solved via Newton’s method, but we have not
been terribly pleased with the robustness of this approach. It may be beneficial to solve the entire interaction law
implicitly by including all the terms in the Newton-method Jacobian.
The other difficulty with the curvature correction is due to the term containing the derivative of blowing velocity. It can, of course, be estimated by finite differences, but that introduces errors and noise into the solution. The
difficulty is perhaps more evident when the interaction law is written using the form with the D matrix and the m
variable (Equation 5). In that case the second derivative of m appears in the curvature correction since blowing velocity itself is computed from the first derivative of m. A small amount simple nearest-neighbor smoothing is sometimes applied to this derivative term to avoid convergence difficulties due to numerical noise in the curvature correction. Lock and Williams13 describe a method due to Melnik which removes any need for smoothing near the trailing
edge by using analytic solutions in that region. We have not yet attempted to use Melnik’s method.
Interaction Laws for Fuselages and Nacelles
The majority of the present work is focused on flow over wings and tails since that is where differences between
inviscid and viscous flows are most evident and important. We have also implemented a method for bodies, such as
fuselages and nacelles, which seems to work but have not yet fully tested and validated it.
The interaction law for subsonic flow around a fuselage-like body consists of an axisymmetric surface panel
method. In particular, we adopt the ring-source of constant strength described by Hess and Smith,37 and Lewis38 as
the singularity element. Unlike the two-dimensional case where the constant-source singularity on a panel solely
represents boundary-layer displacement thickness, the ring-source singularity models both boundary-layer thickness
and an axisymmetric body itself. Therefore the formulation of the interaction law slightly differs from the twodimensional case. We only need to consider a source strength which directly contributes to transpiration velocity
owing to its linearity.
Since the transpiration velocity is provided at the panel center in our implementation, the ring-source singularity
is also placed at the same location for simplicity. Note the transpiration velocity boundary condition is enforced at
the panel center while the tangential boundary condition due to the effect of boundary-layer thickness is specified at
the panel nodes. These boundary conditions produce two linear systems of equations where a vector of ring-source
strengths, σ, is unknown and aerodynamic influence coefficient matrices are computed at both the panel centers and
the nodes. Combining the two sets of equations is accomplished by relating the induced tangential velocities at panel
nodes to the transpiration velocities at the panel centers.
This method models a three-dimensional flow with the assumption of axisymmetry, and it is well-suited to
modeling bodies such as fuselages, nacelles, and drop tanks. Note that the actual geometries need not be axisymmet"
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B. Boundary-Layer Solvers
A candidate boundary-layer method for
Cart3D-IBL must be able to compute flows with
a large number of streamwise points with very
irregular spacing. This is due to the nature of
the Cartesian mesh; it is necessary in order to
avoid any unwanted interpolation and smoothing of flow data as it is passed back and forth
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Figure 9. Volume grid and corresponding boundary-layer points on a
elliptic solver developed for Cart3D-IBL.35,36
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the solutions
from the boundary
layer strips. Data from each boundary-layer solution points is transferred
to the nearest triangle on the surface mesh. In this case, the data is strictly the transpiration flux rate used
to model the viscous layer. From there, an elliptic solver (discussed in the next section) propagates the
solution between strips providing a full 3‑D transpiration rate distribution on the surface triangulation. This
transpiration is then used in the Euler solver with a proper boundary condition. For Cart3D, this boundary
condition uses an analytical solution of the Riemann problem to ensure the proper mass flow rate through
the surface in each boundary cell and yet not produce any additional momentum or energy.
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code run in a strip-theory sense for wings and tails, an axisymmetric solver for fuselages and nacelles, and a quasi3D solver for a more detailed boundary-layer solution on wings and tails. Figure 10 is a sketch showing how all
three might be used on a wing/body configuration.
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for laminar flow and 2 for turbulent flow. See Sturdza18 for more information on the variable definitions and coordinate system.
It should also be noted that the B matrix in the interaction law (Equations 4 and 6) only depends on geometry,
not on the free-stream velocity or its direction. As such, the interaction law can be extended via simple-sweep theory
without modification. The compressibility correction can similarly be applied using the sweep-normal Mach number. Therefore using the interaction law as-is on three-dimensional high-aspect ratio wings only introduces errors
due to wing taper and end effects. Since interaction law accuracy is not of tantamount importance, a more sophisticated interaction law has not been implemented. In principle, a three-dimensional interaction law can be devised
based on three-dimensional panel methods (see, for example, Coenen et al.23), but such an approach would introduce
geometry modeling limitations that are unacceptable for this Cart3D-based code.

III. Results
papers 34-36

Cp

Whereas other
are focusing on the Cart3D-IBL performance, validation cases and on the boundarylayer transition prediction method implemented in the code, this paper will repeat only a few main results from those
papers. The focus here is instead on the viscous-inviscid coupling.
During the implementation of the present interactive boundary-layer method, a series of coupling methods were
attempted. The first, of course, was the direct method, solely due to its simplicity. But while it the easiest to program, it is the most difficult to run successfully. Considerable under-relaxation can be required to arrive at converged results and ad-hoc trailing-edge “fixes” must be provided.
The primary need for the “fixes” is driven by the fact that in-0.2
viscid solutions on airfoils with finite trailing-edge angles will alXFOIL inviscid
XFOIL viscous
ways have a high pressure at the trailing edge. This frequently
Cart3D-IBL
means local boundary-layer separation even when very far from the
maximum lift of an airfoil or wing. Figure 11 shows a close-up of
0
the pressures at the trailing edge of a NACA 0012 airfoil at two
degrees angle of attack. The adverse gradient in the last 10% chord
is sufficient to cause separation in the early iterations of the directmethod coupling scheme. Note that the coupled viscous-inviscid
solutions result in a much smaller adverse pressure gradient, so if
0.2
the early iterations can be dealt with, the direct method may lead to
the correct solution. There are many ways to attempt such a fix.
Several options might be to simply not solve the boundary-layer
equations all the way to the trailing edge, to smooth the pressure
0.4
0.8
0.9
1
distribution sufficiently to soften the adverse gradient, or to just
x/c
terminate the boundary-layer calculations when they fail and substiFigure 11. Trailing-edge pressure coefficients
tute some made-up transpiration velocity aft of that point. These
computed using XFOIL16 and the present
solutions, where they may work for specific cases, rely on the user
method
on a NACA 0012 at 2° angle of attack,
to tweak parameters on a case-by-case basis.
Mach
0.3
and Reynolds number of 100,000.
If it were just a matter of starting the viscous-inviscid iterations, then a trailing-edge fix may be palatable. However the known
instability of the direct coupling method with separated flows exist makes this difficult. Additionally, it is not uncommon for the correct viscous-inviscid result to have a small amount of separation near the trailing edge, either for
performance reasons, or due to some other constraint such as a requirement for a large trailing edge closure angle.
Finally, these trailing-edge fixes are known to modify the converged solution, sometimes slightly, but sometimes by
unacceptable amounts (e.g. see Larendeau and Boudreau31). All of these factors make the direct method much less
attractive than it may at first seem.
There is one large exception, however. The direct method works well for supersonic flows. This is due to a very
different interaction between the viscous layer and the inviscid flow. The trailing edge no longer acts as a region of
strong interaction, pressure gradients are frequently favorable over large portions of geometries, and for human-scale
flight vehicles, boundary layers are usually quite thin.
The next method we implemented is the semi-inverse method. This is probably the most popular method found
in the literature. As previously mentioned, it is theoretically convergent for attached and separated flows. But we
have found it to be disappointing in terms of performance. One interesting trend that has been evident throughout
our work is that Euler-IBL codes work much better on coarser grids. This is due to many factors that include an inherent smoothing of the solution on coarser meshes. As a result, shocks are less crisp, adverse gradients at trailing
edges are not fully resolved, and finally, increased numerical dissipation in the Euler solver dampens the disturbances due to changes in transpiration velocity from one viscous-inviscid iteration to the next.
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Figure 12. Convergence history of the semi-inverse and quasi-simultaneous methods on an 8% thick Joukowski airfoil at
zero angle of attack, Mach 0.3 and chord Reynolds number of 1 million. The Euler density residuals are on the left and
boundary-layer displacement volume per unit span is plotted on the right.

This means that the success enjoyed in the 1980s and 1990s with Euler-IBL codes was partly aided by the relatively coarse meshes employed at that time. It also means that robust and accurate viscous-inviscid coupling with a
Cartesian-mesh-based Euler code is especially challenging. While body-fitted meshes follow geometries reasonably
well even where coarse, a Cartesian-mesh-based method must, just to resolve geometry, be solved on a reasonably
highly refined computational mesh, especially in trailing-edge regions where the coupling schemes have the most
difficulty. The mesh sensitivity issue was not expected when the present work was begun and it is probably primarily responsible for driving the effort towards more sophisticated coupling methods.
We have found the quasi-simultaneous method to be superior to the semi-inverse method when a variety of test
cases are considered. Figure 12 shows a comparison between semi-inverse and quasi-simultaneous solutions. It is on
an 8% Joukowski airfoil at zero angle of attack and Mach 0.3, a mild test case with well-behaved trailing-edge pressures. For this run, the viscous-inviscid iterations occur every 40 Euler multi-grid cycles and the quasi-simultaneous
method leads to Euler equation residuals dropping more quickly and to the boundary-layer thickness more rapidly
arriving at its final value. However, this is slightly misleading. Whereas the stability analyses of the coupling methods and even the premise behind the design of the quasi-simultaneous method assume that at each viscous-inviscid
iteration the inviscid solution is fully converged, it is not necessarily efficient to do so. For a two-dimensional case,
40 iterations is not close to fully converging the inviscid solution but still fewer iterations can be safely used. For
this unchallenging case, the semi-inverse method can approach the quasi-simultaneous method in performance if
viscous-inviscid iterations are run with approximately one to five Euler multi-grid cycles between them.
Figure 13 shows a more difficult transonic run on the RAE 2822 airfoil. In this case, the semi-inverse method
requires considerable under-relaxation for reliable convergence. And it is also run with only a single Euler iteration
in between viscous computations to give it the highest advantage possible. The quasi-simultaneous method, by comparison, is run with 50 Euler iterations per boundary-layer update. As far as convergence speed, the semi-inverse
method still falls behind the quasi-simultaneous method on a per-iteration basis. And its performance falls even farther behind when execution time is considered. Since, in this case, the boundary layer is updated 50 times more often with the semi-inverse method, time required to compute the boundary-layer solution and pass all the data back
and forth between the boundary-layer and Euler solvers becomes non-trivial. This is true even considering that the
quasi-simultaneous method is a little more expensive per boundary-layer update since it also solves the interaction
law simultaneously with the boundary-layer equations. Another factor to remember is that in three dimensions, the
interpolation scheme necessary to pass data between the boundary-layer strips and Euler solver is not a trivial process 36 and running it 50 times more often is not desirable.
It should be mentioned that of the many choices for the interaction law, we tested Veldman’s original thin-airfoil
thickness integral (Equation 3) discretized using both the mid-point rule and the higher-order quadrature utilizing
Cauchy principal values.17 The higher-order discretization is clearly superior in accuracy and robustness, particularly
when uneven point spacing is used. We also implemented the simplified diagonalization of the interaction law30
which turns it into the following simple equation:
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b = ue −

4U∞ ∗
δ
π∆s

integrated displacement thickness

where Δs is the boundary-layer streamwise discretization step size. And b becomes the outer boundary condition for
the boundary-layer solver, replacing ue in the direct mode, or δ* in the inverse mode. The implementation is relatively straight-forward since it can be coded as a
0.00430
simple extension of the inverse boundary-layer
equations. And as a coupling scheme, it can be
0.00425
viewed as a relative of Carter’s semi-inverse cou0.00420
pling scheme but without requiring the
displacement-thickness update formula (Equation
0.00415
2) and its associated criticisms by Lock and
0.00410
Williams.13
Despite the promise of simplification, we
0.00405
found that both the diagonalized and thin-airfoil0.00400
based interaction laws do not perform as well,
both in convergence rate and in robustness, as the
0.00395
present interaction law based on the 2D panel code
0.00390
(Equation 5).
semi-inverse
One of the benefits of the quasi-simultaneous
0.00385
quasi-simultaneous
method is introducing stability in the viscous0.00380
inviscid iterations such that flows with small
amounts of separation can be computed. Obvi0.00375
ously, with large regions of separation, the accuracy of a viscous-inviscid solver becomes suspect,
0.00370
0
1000
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3000
but small regions of separation frequently do ocmulti-grid cycles
cur and the solver should be able to converge to a
reasonable solution in that case. None of this is Figure 13. Convergence of boundary-layer displacement volume
possible with only direct-mode coupling of the per unit span on the RAE 2822 airfoil using the semi-inverse and
quasi-simultaneous coupling methods.
viscous-inviscid system of equations. One example of this is the Selig 1223 airfoil. Figure 14
shows the comparison of Cart3D-IBL, Reynolds-averaged Navier-Stokes (CFL3D) and Euler solutions on this airfoil at a chord Reynolds number of 1 million. There is a considerable effect of viscosity on this airfoil and one reason is the small separation bubble on the upper-surface trailing edge. Cart3D-IBL, using the quasi-simultaneous
method, agrees well with the viscous pressure distribution computed by the Navier-Stokes code. However, due to the
separation region, convergence is a bit slow.
But, to be fair, Navier-Stokes codes typically also converge relatively slowly for
flows with separation.
CFL3D Euler
= 1M
M = 0.3, _ = 1.0, Re
CFL3D N-S
-2.0
A more extreme example is shown in
Cart3D Euler
Cart3D + IBL
Figures 15-17. This is a NACA 0020 at 15
-1.5
degrees angle of attack and a chord Reynolds number of 1 million. This case sports
-1.0
a sizable separation bubble on the aft portion of the airfoil, yet Cart3D-IBL is able to
-0.5
yield a converged solution. As expected, the
solution is not terribly accurate, but just
0.0
getting a halfway-reasonable answer is
promising and is a testament to the quasisimultaneous method’s stability and robust0.5
ness. This doesn’t mean that such a case is
Selig 1223
easy to converge, in fact, with our current
1.0
implementation of the solver, it does take
0.0
0.2
0.4
0.6
0.8
1.0
x/c
some effort. But this test case does indicate
that the quasi-simultaneous method is effective and practical for solutions with more Figure 14. Pressures on a Selig 1223 airfoil compared with Navier-Stokes
reasonable amounts of separation, where an
featuring a small region of separation near the trailing edge.
Euler-boundary layer method would be exPressure Coefficient
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Figure 16. Pressure coefficient and skin friction on NACA 0020
showing
predicted separation bubbles by both the Navier-Stokes
Figure 15. Navier-Stokes solution on a NACA 0020 at
and Cart3D-IBL solvers.
15° angle of attack and 1 million Reynolds number. The
colors indicate vorticity magnitude.

pected to get a decently accurate result. It should also be
kept in mind that with only 2D boundary-layer strips, threedimensional separation will not be well predicted. But the
code will often indicate when separation might occur, which
0.0200
1.0
10
is itself a useful result.
Residual
X Force
Since the quasi-simultaneous method, as we have impleY Force
0.0180
10
0.8
mented it using a linear panel method, does not predict nonDeltaStar
linear waves such as shocks, the question of how it performs
10
0.0160
0.6
on transonic cases is of interest. Our results agree well with
Veldman’s findings40 where he used a full-potential code
10
0.0140
instead of an Euler code as the inviscid solver. Namely, even
0.4
though the approximate inviscid solver does not predict the
10
0.0120
shock, it is still able to stabilize the process and accelerate
0.2
convergence. Some under-relaxation in the vicinity of the
10
shock is usually necessary, as is sometimes a very small
0.0100
0.0
amount of smoothing of the inputs to the boundary-layer
10
solver. However we find that the viscous-inviscid solution
0.0080
-0.2
agrees quite well with Navier-Stokes for transonic cases.
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Figure 18 shows the RAE 2822 airfoil comparing experimulti-grid cycles
ment29 with Reynolds-averaged Navier-Stokes solutions
Figure 17. Convergence history of a difficult, but suc- using various turbulence models and Cart3D-IBL. The IBL
cessful convergence of a NACA0020 airfoil at 15° angle solution is well within the spread in Navier-Stokes solutions
of attack with considerable separation.
and agrees very well with the experimental results.
An interesting finding is that the boundary-layer curvature
correction is of primary importance for getting accurate results. Although mentioned in the literature, its first-order
effect on viscous-inviscid solutions is not sufficiently emphasized. It is also not always obvious when it is an important factor and when it is not. For instance, the Selig 1223 airfoil in Figure 14 does not require the curvature correction even though it has a considerable amount of aft loading and aft curvature. We believe that this may be a fortuitous cancellation of the geometric curvature with the streamline curvature such that the contribution of the curvature
correction is small.
On the RAE 2822 airfoil, on the other hand, the effect of the curvature correction can be rather dramatic. Figure 19 shows another comparison of Navier-Stokes solutions using several turbulence models and Cart3D-IBL for a
lower Reynolds number case. Note that Cart3D-IBL is run both with and without the curvature correction applied.
With the curvature correction, the section pressures agree well with Navier-Stokes, again well within the spread of
the solutions with various turbulence models. Without the curvature correction, however, the upper surface pressure
distribution considerably misses the rooftop level and predicts the shock occurring much further forward than any of
the Navier-Stokes solutions.
Note how the uncorrected solution misses the upper surface pressure distribution from about 75% chord to the
trailing edge, but does very well with the lower surface in that region. The effect of the curvature correction can be
observed on the upper surface pressures where agreement with Navier-Stokes is good all the way to 98% chord, but
not after that point. This is due to the lack of a wake model in this implementation. Further discussion on this point
appears below in Section IV. But regardless of these errors confined to the trailing-edge region, the viscous-inviscid
solution with curvature correction manages to compute the correct lift and therefore places the shock in the correct
location.
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Two-dimensional test cases are suitable for comparing viscous-inviscid coupling methods, but real work must
happen in three dimensions. Fortunately, three-dimensional relief effects seem to result in increased robustness of
the viscous-inviscid solver. A three-dimensional example is shown in Figures 20 and 21. This is a model of the DC9-10 commercial airliner,21 including the wing, fuselage, wing-body fairing and empennage. The agreement of section pressure distributions with a Navier-Stokes solution is very good. More details of this and other threedimensional solutions can be found in Rodriguez et al.35 It is also a pleasant surprise that when geometry is only
sparsely covered in boundary-layer strips, even as few as three per wing, the present implementation continues to
provide accurate results.36
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Figure 18. Transonic flow with a shock. Inviscid solutions and a comparison
of Cart3D-IBL and Navier-Stokes results with various turbulence models.

M' = 0.72, _ = 2.643° , Rechord = 2.7M
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Figure 19. Importance of the curvature correction on the RAE 2822 airfoil.
The dark blue curve is Cart3D-IBL with the curvature correction and the
green curve is without.
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Figure 20. Skin friction on a DC-9 wing-body-tail configuration computed using the Cart3D-IBL with boundary-layer strips on all components. See Rodriguez et al.35 for details.
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Figure 21. Section pressure distributions on DC-9 wing comparing Euler, Cart3D-IBL and Navier-Stokes solutions.

16
American Institute of Aeronautics and Astronautics

IV. Future Work
The work completed on the development of the Cart3D-IBL solver is significant and we have made great strides
to developing an application ready for production work. But there are still many opportunities for improvement of
the method. This section describes just some of the work we have planned that pertains to the viscous-inviscid coupling scheme. Further discussion of future work can be found in Rodriguez et al.35
Improvement of Transonic Interaction Law
Every two-dimensional transonic test case has shown that the IBL methodology is slightly unstable in the region
right after a strong shock. Currently some under-relaxation is used to alleviate this instability. However, this slows
the solution down and is not always enough for exceptionally strong shocks. As the shock moves during an IBL update, the boundary layer does not respond accordingly, placing a large bump in the displacement thickness where the
shock was at the last step. This problem compounds itself when the shock moves to several different locations and
the previous boundary layer thickness bumps have not completely disappeared. What would be ideal is a better transonic interaction law, where the approximate inviscid solver can better predict where the shock will be located in the
next viscous-inviscid update. This likely means the inclusion of a transonic flow solver such as a transonic-smalldisturbance solver or a 2D Euler solver. The solver must be exceptionally fast of course, but can exploit the multiple
processors that Cart3D uses anyway. Further research in this field will certainly be necessary as the transonic regime
is where Cart3D-IBL can have its greatest impact in the industry.
Development of a Wake Model
The current implementation of Cart3D-IBL does not have a wake model. In two dimensional viscous-inviscid
codes such as XFOIL15 and MSES,26 wake modeling is very straightforward. Only approximate wake placement is
necessary for single-element airfoils and even streamline-following wake solutions are possible without too much
difficulty. The basic principle is that on this wake strip, a momentum-integral equation very similar to the boundarylayer equations is solved which computes dissipation in the wake and the accompanying decrease in displacement
thickness. The decrease in displacement effects aft of the airfoil results in a convergence of the streamlines well outside of the boundary layer. Figure 22 is an
example of this effect computed using NavierStokes. The present implementation in Cart3DIBL results in essentially an inviscid wake with
little to no dissipation, and therefore the
streamlines remain parallel aft of the trailing
edge.
The result of this discrepancy is that the
streamline curvature is necessarily higher in
the Cart3D-IBL solution in the immediate vicinity of the trailing edge and that in turn, results in higher trailing-edge pressures. This is
also discussed in Rodriguez et al.35 Evidence of
this effect appears in all of the results in this
paper and is most evident in Figures 11 and 19.
Figure 19 is perhaps the best example, where
on the upper surface, with the curvature correction, the Cart3D-IBL solution tracks the
Navier-Stokes solutions very well until the
value of pressure coefficient rises dramatically Figure 22. Navier-Stokes solution at an airfoil trailing edge showing
in approximately the last two percent of chord.
streamline evolution into the wake. The vertical axis is stretched to
Overall, even without a wake model, the
accentuate the effect
resulting solutions look quite good. Besides
this small error in accuracy which could be considered an acceptable price for speed and convenience, we believe
that this over-recovery of pressure may adversely affect the convergence rate of the Cart3D-IBL iterations. Not only
does this error occur in the most sensitive region of a wing or airfoil, but the exaggerated adverse gradients could
also induce separation where perhaps no separation should occur.
It is very difficult to include a three-dimensional wake on an arbitrary geometry in an unstructured Cartesian
mesh without hindering the geometry and grid building process. Unlike a panel method or full potential method,
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wakes are not necessary in an Euler code. In fact, this is one of the advantages of an Euler code over those other two
inviscid flow computation methods because wake placement and interaction with downstream geometries introduces
many difficulties. It may be the case that very short stub wakes prove to sufficiently ameliorate the pressure recovery issue without adding too much geometric complexity, but that has yet to be investigated.
Improving Speed and Robustness
Currently, only part of the Cart3D-IBL solver runs in parallel and we plan on improving the scalability of the
code. This is discussed in detail in Rodriguez et al.,35 but what deserves mention here is the quasi-simultaneous system of equations consisting of the panel code and boundary-layer solver. Whereas each individual solution is very
fast and does not require parallelization, on a complex geometry many tens if not hundreds of boundary-layer strips
could be utilized. However each strip is completely independent of the others, therefore the entire set of quasisimultaneous solutions can be solved in parallel. This further removes any concern regarding the extra overhead of
the quasi-simultaneous method over the semi-inverse coupling scheme. With a fully parallel implementation, this
overhead becomes even less of a factor.
A minor, but important issue, concerns the starting condition for the boundary-layer solution. Currently, a
direct-mode run of the boundary-layer equations, using partially-converged inviscid solution data, is used to initialize the boundary-layer variables to begin the quasi-simultaneous iterations. Due to separation issues at the trailing
edge caused by inviscid adverse pressure gradients, the trailing edge velocity is modified in the initial calls to the
boundary layer and then that modification is faded out in the first few iterations. This works reasonably well, but is
not the most robust method to start the iterations. Instead, a more XFOIL-like initial solution seems appropriate. A
coupled viscous-inviscid solution, using the 2D panel code as the inviscid solver, would be used to instead compute
an initial transpiration velocity to be used in the Euler solver from the start. With this modification, a purely inviscid
solution is never computed, which should alleviate iteration start-up robustness issues.
Another issue often glossed over in the literature is the handling of the stagnation or attachment region of a
wing. The stagnation point or attachment line will move from one viscous-inviscid iteration to the next, and even
does so within the quasi-simultaneous iterations. This movement has to be accommodated by the code without inducing oscillations or other numerical artifacts that reduce robustness or slow convergence. We have tried small regions where the boundary-layer code is run using the direct method, switching to the quasi-simultaneous method
away from stagnation, but have found that method to result in poor performance. We are currently investigating
other options. As an example, one approach described by Nishida44 involves using simple attachment flow similarity
solutions to initialize the boundary layer a few points away from stagnation, thus avoiding the numerical oscillation
issue and at the same time not switching boundary-layer solver modes.

V. Conclusions
A comparison has been presented of various viscous-inviscid coupling methods appropriate for Euler/boundarylayer solvers. The quasi-simultaneous method is found to be the most efficient and robust of the candidates. The
only exception, of course, is the fully-simultaneous scheme which is not an option when coupling with a preexisting, explicit Euler solver. An interaction law for wings based on a two-dimensional panel method has been implemented and shown to work well. A compressibility correction based on ideas from transonic small disturbance
theory has been applied to the interaction law and a means to smoothly join subsonic and supersonic interaction laws
has been presented. Interesting findings include the strong sensitivity of viscous-inviscid iteration stability to volume
mesh refinement and the paramount importance of the boundary-layer curvature correction.
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